
Midterm exam solutions - Ma 5a, Caltech

Alexander Yom Din

1. (25 pt) Let p > 3 be a prime. Prove that there is no epimorphism
Sp → Sp−1.

Solution: Consider the kernel K of an epimorphism φ : Sp → Sp−1. It
is a normal subgroup of Sp, of order p. We would like to show that there
are no normal subgroups of Sp of order p. First way: Any non-identity
element in K is of order p, and so must have cyclic decomposition
of type (a1 . . . ap) (otherwise it’s order, the lcm of lengths of cycles
entering its cyclic decomposition, would be relatively prime to p). But
then every cycle of length p, being conjugate to (a1 . . . ap), would have
to sit in K (since K is normal). Thus, K contains all cycles of length
p in Sp. But there are (p− 1)! such cycles, and since (p− 1)! > p− 1 =
|K−{e}|, we get a contradicttion. Second way: Every element σ ∈ Sp of
order p satisfies φ(σ) = e (because φ(σ) is an element of order dividing
p sitting in a group of order relatively prime to p). Thus, σ ∈ K. In
other words, K contains every element of order p in Sp; That is, K
contains every cycle of length p. Then we get contradiction as in the
first way.

2. Let G be a group, X a set, and let us be given an action of G on X.

(a) (20 pt) Let x ∈ X. Recall:

Ox = {gx : g ∈ G} ⊂ X

and
StabG(x) = {g ∈ G| gx = x} ⊂ G.

Prove that the function G/StabG(x) → Ox given by g 7→ gx is a
well-defined bijection.

(b) (5 pt) Suppose that G is finite. Prove that for every x ∈ X the
set Ox is finite and |Ox| divides |G|.
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Solution:

1) Let us denote by ? the image of ? ∈ G in G/StabG(x) under the
canonical projection map. If g = h, then h−1g ∈ StabG(x), so h−1gx =
x, and so gx = hx. Thus, the function is well-defined. Next, let us show
that the function is injective. Suppose that g maps to the same as h.
This means that gx = hx. Then h−1gx = x. Thus, h−1g ∈ StabG(x),
so g = h. Next, Let us show that the function is surjective. This in
fact is obvious, by the definition of Ox.

2) Since Ox is in bijection with G/Stabx(G), we get that Ox is finite
since G/Stabx(G) is finite (being a set of some subsets of a finite set).
Moreover, we know that |Ox| = |G/Stabx(G)| = [G : StabG(x)] | |G|
(because we saw that |G| = |StabG(x)| · [G : StabG(x)]).

3. (25 pt) Let G be a group, and N ⊂ G a normal subgroup such that
[G : N ] = 6. Prove that there is a unique subgroup M ⊂ G satisfying
N ⊂M and [G : M ] = 2.

Solution: By the 4-th isomorphism theorem, subgroups M as in the
problem are in bijection with subgroups of G/N of index 2. Now, G/N
is a group of order 6. We saw in class that it is either isomorphic to
Z/6Z or to S3. So, it is enough to show that each of those groups has
a unique subgroup of index 2. And indeed, a subgroup of index 2 is a
subgroup of order 3, so cyclic with a generator of order 3. So we just
need to see that there are exactly two elements in our group of order 3
(if there is one, it’s square is another one, but they generate the same
subgroup). In Z/6Z those are 2, 4, and in S3 those are (123), (132).

4. Let G be a group. Recall Z(G) = {g ∈ G | gh = hg ∀h ∈ G}.

(a) (5 pt) Denote by q : G→ G/Z(G) the canonical projection. Prove
that if S ⊂ G is such that G/Z(G) = 〈q(S)〉, then G = 〈S〉Z(G).

(b) (10 pt) Prove that if G/Z(G) is cyclic, then G is abelian.

(c) (10 pt) Prove that if G/Z(G) ∼= Z, then G ∼= Z(G)× Z.

Solution:

(a) Notice that since Z(G) is normal in G, the subset 〈S〉Z(G) is in fact
a subgroup of G. Since this subgorup obviously contains Z(G), by the
4-th isomorphism theorem, showing that G = 〈S〉Z(G) is equivalent
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to showing that q(〈S〉Z(G)) = q(G) = G/Z(G). But q(〈S〉Z(G)) =
q(〈S〉) contains q(S), and so contains 〈q(S)〉. Thus, since we are given
that 〈q(S)〉 = G/Z(G), we get that what we want.

(b) Denote by q : G → G/Z(G) the quotient map. Let g ∈ G be such
that G/Z(G) = 〈q(g)〉. From (a) we get G = 〈g〉Z(G). Now, for every
two elements in G, writing them as gnz and gmw for some z, w ∈ Z(G)
and n,m ∈ Z, we obviously get that the elements commute. So G is
abelian.

(c) I concieved that question by mistake, and gave everyone full score
on it. Anyway, G/Z(G) being cyclic, means by the previous item that
G is abelian. Hence G = Z(G), and thus G/Z(G) ∼= Z is not possible.
Hence, the implication is true in an empty manner, since for no group
G does it hold that G/Z(G) ∼= Z.
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